Motivated by recent experiments on FeTe1−xSex, we construct an explicit minimal model of an iron-based superconductor with band inversion at the Z point and non-topological bulk s± pairing. While there has been considerable interest in Majorana zero modes localized at vortices in such systems, we find that our model -without any vortices -intrinsically supports 1D helical Majorana modes localized at the hinges between (001) and (100) or (010) surfaces, suggesting that this is a viable platform for observing "higher-order" topological superconductivity. We provide a general theory for these hinge modes and discuss their stability and experimental manifestation. Our work indicates the possible experimental observability of hinge Majoranas in iron-based topological superconductors.
Introduction -In the decade since their initial discovery, iron-based superconductors (FeSCs) have been studied vigorously [1] [2] [3] [4] [5] [6] [7] [8] . A substantial diversity of materials has been realized in this class, all sharing characteristically high critical temperatures and rich phase diagrams with nearby magnetic phases, as a function of chemical substitution. More recently it has been appreciated that several members of this family also have topologically nontrivial normal-state band structures [9] [10] [11] [12] [13] [14] , and therefore may be a natural platform for the realization of Majorana zero modes (MZM) [15] [16] [17] [18] and effective topological superconductivity (TSC) [19] [20] [21] . As in the original Fu-Kane proposal [22] , the pairing symmetry is taken to be conventional; then, through a "self-proximity effect" induced by the bulk superconductor, the topological surface states or vortex lines are imbued with pair correlations from the bulk, leading to lower-dimensional surface or vortex TSC.
This indeed appears to be the case with the vortex core MZM recently observed in the unconventional iron-based superconductor FeTe 1−x Se x (x = 0.45) (FTS) [23] [24] [25] . Above the superconducting transition at T c = 14.5K, this system exhibits non-trivial band topology with a band inversion along the Γ − Z line in the Brillouin zone. On the (001) surface, angle-resolved photoemission spectroscopy (ARPES) measurements clearly see a helical Dirac surface state [24] , the hallmark of three dimensional (3D) time-reversal invariant (TRI) topological insulators (TI) [26, 27] . Below T c , the surface state develops a gap, as expected. STM measurements of the same system in a weak magnetic field reveal robust zero-bias peaks inside vortex cores, a strong indication of zero energy subgap states and associated MZM physics [23] .
In this letter, we present a completely different mechanism for Majorana states in FeSCs in the absence of vortices. Specifically, we demonstrate the emergence of higher-order topology [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] and corresponding helical Majorana hinge states in an explicit minimal lattice model based on two key ingredients [44] : (i) the band inversion along Γ − Z [10, 24] and (ii) extended s-wave (s ± ) pairing [2, 4, 7] , with a sign change of the pairing potential between the Γ and M points. We expect this to be a reasonable effective model for FTS [23, 24] , Li 0.84 Fe 0.16 OHFeSe [45] , LiFeAs [25] , and other FeSCs. We explain the origin of these Majorana hinge states with an analytic theory for the projection of the bulk extended s-wave pairing onto the Dirac cone of an arbitrary surface termination, and numerically demonstrate their stability at nonzero chemical potential and in the presence of chemical potential disorder.
Model Hamiltonian -Our minimal BdG model describes a 3D TI with s ± pairing on a cubic lattice:
The normal state Hamiltonian is H 0 (k) = v(sin k x Γ 1 + sin k y Γ 2 + sin k z Γ 3 ) + m(k)Γ 5 with m(k) = m 0 − m 1 (cos k x + cos k y ) − m 2 cos k z [46] . The 4 × 4 matri-ces Γ i are chosen to be
where σ and s are Pauli matrices for the orbital and spin degrees of freedom, respectively. The time-reversal (Θ) and the parity (P ) symmetry operations are given by
. The band topology of H 0 is easily read off using the Fu-Kane criterion [27] . For our purposes, we choose v = 1, m 0 = −4, m 1 = −2, m 2 = 1 which locates the band inversion at Z [47] . H 0 then describes a strong TI phase with helical Dirac surface states. The s ± pairing function is D(k) = ∆(k)Γ 13 , with
We first restrict to µ = 0 for simplicity, which is also justified by the small chemical potential observed in the ARPES experiments. As we adiabatically turn on the pairing, the bulk remains a topologically trivial superconductor. However, unlike the case of uniform s-wave pairing, the s ± pairing will gap out the TI surface states in an anisotropic way. This is the basic principle that enables the realization of new surface topological phenomena beyond the conventional bulk topology.
Theory of Surface States -To visualize the anisotropy of surface state pairing, we first notice that any surface termination of a crystal can be described as a tangent plane of the unit sphere [29, 48] , as shown in Fig. 2(a) . In particular, an arbitrary surface Σ(φ, θ) can be uniquely labeled by its unit normal vector defined as n Σ = (sin θ cos φ, sin θ sin φ, cos θ) T . In the longwavelength limit, we expand H 0 (k) around Z to O(k 2 ) and obtain H Z
To solve for the effective surface theory for Σ(φ, θ), we apply the coordinate rotation
where R Y (θ) and R Z (φ) are Euler rotations around yaxis and z-axis, respectively. It is easy to check that k 3 = n Σ · k and any surface state on Σ(θ, φ) can now be obtained by imposing open boundary conditions on
Generally, H Z 0 (k ) has a complicated form in k . However, we notice that there always exists the unitary transformation U (φ, θ) = e iΓ13θ/2 e iΓ12φ/2 such thatH Z = U (φ, θ)H Z U (φ, θ) † =h 0 +h 1 has a simple form: We have definedm 1 = (m 1 cos 2 θ − m 2 sin 2 θ)/2,m 2 = (m 2 cos 2 θ − m 1 sin 2 θ)/2 andm 13 = (m 1 + m 2 ) sin 2θ/2. Now we solve for the zero mode equation ofh 0 (k 1 = k 2 = 0) and considerh 1 as a perturbation to extract the surface state dispersion of Σ(φ, θ).
Replacing k 3 → −i∂ x3 yields the zero mode equation
With the boundary conditionsψ(x 3 = 0) =ψ(x 3 = −∞) = 0, we find two solutionsψ 1,2 that are exponentially localized near x 3 = 0:
where we have defined
and the normalization factor N = 4α(α 2 + β 2 )/β 2 . The spinor part ofψ i are the eigenstates of Γ 35 with eigenvalue −1:
Treatingh 1 as a perturbation, the low energy description of the surface state is given by
where ς are pseudo-spin Pauli matrices in the space spanned by ξ 1 and ξ 2 .
Surface State Pairing -The effective pairing h ∆ (θ, φ) on a surface Σ(φ, θ) is solved by treating the s ± SC pairing ∆(k)τ y ⊗ Γ 13 as a perturbation (τ are the Pauli matrices for the particle-hole basis). The particle-hole redundancy requires the hole counterparts of Eq. 8, and the spinor part of the zero modes in the BdG basis are
where we have undone the unitary transformation U (φ, θ) of ξ i . By rotating ∆(k) to ∆(k ) and expanding it around Z, the effective pairing at the surface Dirac point with
We expect that h ∆ (φ, θ) = ∆ eff (θ)Λ(φ, θ), where ∆ eff and Λ come from the zero mode projection of the scalar momentum part ∆(k) and the matrix part τ y ⊗ Γ 13 respectively. Interestingly, the matrix part Λ is independent of the surface Σ(φ, θ):
The spatial anisotropy of h ∆ (φ, θ) arises completely from ∆ eff (θ). Our main analytic result is an approximate formula for the effective surface pairing,
The effective surface SC theory for any facet Σ(φ, θ) is finally given by,
Helical hinge Majoranas -The central result of our work is enabled by the anisotropy of the surface pairing: a pair of 1D helical Majorana modes emerges at the hinge between two facets Σ(φ, θ 1 ) and Σ(φ, θ 2 ) whenever
With Eq. 17, the hinge physics manifests itself as a TRI topological domain wall problem of 2D BdG Dirac fermions. The sign reversal of the pairing gaps across the hinge binds a pair of 1D helical Majoranas. Furthermore, the hinge Majorana condition in Eq. 17 requires the existence of a topological critical angle θ c , where ∆ eff (θ c ) = 0. This critical angle θ c is given by
Helical hinge Majoranas will appear as long as θ c exists, i.e., when cot 2 θ c > 0. With our choice of model parameters, the condition is
In Fig. 2 (b) , we schematically plot the surface gap distribution for all facets, for parameters with a non-zero θ c , where the blue and red regions denote positive and negative surface gaps, respectively [49] . We now confirm this continuum theoretical analysis by carrying out a direct numerical solution of the full lattice model, with results shown in Fig. 3 . The gap is obtained in a slab geometry on the (001) surface with θ = 0 and the (010) surface with θ = π/2. The numerical results shown in Fig. 3 (a) agree well with the analytic result from Eq. 15. As ∆ 0 is tuned from zero, a surface topological phase transition first occurs at ∆ 0 = − 3 2 ∆ 1 with vanishing surface gap on the (010) surface. The gap then reverses sign between the (001) and (010) surfaces, and the hinge Majorana condition is satisfied. When ∆ 0 = −2∆ 1 , a second surface topological phase transition occurs, trivializing the surface topology and eliminating the hinge Majoranas. In Fig. 3 (d) and (e), we show the clear surface gaps at ∆ 0 = −1.75∆ 1 for trans-lation invariant (001) and (010) surfaces. In Fig. 3 (f) , we calculate the band dispersion along k x for a wire geometry with periodic boundary conditions alongx and open boundary conditions alongŷ andẑ. Correspondingly, we observe four pairs of helical Majoranas states that appear inside the surface gap. In Fig. 3 (g) , we plot the spatial profile for these states. Each pair of helical Majoranas is exponentially localized around each corner of the y-z cross section (i.e., the edge between (001) and (010) surfaces). For a sample with a cubic geometry, and open boundaries in all directions (as shown in Fig. 1  (a) ) the hinge Majoranas circulate the edges between the top/bottom surfaces and the side surfaces. In Fig. 1  (b) , we plot the intensity |ψ(r)| 2 for the lowest-energy eigenstate (summed over σ, s, τ ) of the lattice model on this geometry, showing that the support is exponentially localized to the hinges, as expected.
The appearance of helical hinge Majoranas has a topological origin. In the supplementary materials [50] , we study the Wannier bands [28, 51, 52] of H(k) in different slab geometries and find "helical" surface Wannier bands that characterize the time-reversal-symmetric Z 2 pump of BdG quasi-particles on the surfaces. Such Z 2 pumps also occur in 2D TRI TIs/TSCs and offer a topological picture for the helical edge physics [52, 53] . Similarly, the helical surface Wannier band spectrum here unambiguously signals the helical hinge Majoranas.
We emphasize that the helical surface Wannier bands should not be interpreted as a surface topological index for any single isolated surface, e.g. the (001) surface. Importantly, any surface Hamiltonian H Σ in Eq. 16 is topologically trivial by itself, and the helical hinge Majoranas only arise when a domain wall is formed between neighboring facets. Therefore, the higher order topology here is a combined effect with contributions from all surfaces in a crystal.
Stability -Having demonstrated the existence of hinge modes under ideal circumstances, we now show that they persist even when the chemical potential is moved from the Dirac point. The analytic theory can no longer be easily applied for finite chemical potential, but we can characterize the phase hosting hinge modes through either its surface spectrum or its Wannier band spectrum. As the surface gap closes and reopens, the helical (gapped) surface Wannier bands will simultaneously develop a gap (become helical), indicating a surface topological phase transition. By checking both surface energy band spectra and Wannier band spectra, we numerically obtain the phase diagram of our model as a function of the isotropic pairing ∆ 0 (in units of ∆ 1 ) and the chemical potential µ, shown in Fig. 4 . We find that the non-trivial phase with helical hinge Majoranas persists, over a decreasing range of ∆ 0 , until the chemical potential reaches the bulk conduction band. However, this is also the scale at which we expect our effective model to no longer accurately represent the topological bands of realistic FeSCs. We have also checked the stability against onsite potential variations V (r)τ z ⊗ σ 0 ⊗ s 0 , taking V (r) = 0 and V (r)V (r ) = W 2 δ rr . In a real-space calculation using the kernel polynomial method [54] , we find the hinge states persist for small W (say, half the bulk gap), but defer a full investigation of disorder effects to future work.
Helical Hinge Majorana
Conclusion and Discussion -Motivated by experimental results on the band topology of several FeSCs, we have constructed an explicit model of higher-order topological superconductivity supporting helical Majorana states at the hinges between different facets, depending on their orientations. The main ingredients are the band inversion at the Z point and s ± pairing. Unlike some related constructions for 2D higher-order TSC in heterostructures [34, 38, 39, 42] , our proposal applies intrinsically for a single FeSC sample, avoiding all the complications of an interface.
Some practical observations are in order. First, the helical hinge Majoranas can be probed by the same STM techniques already used to identify vortex bound states [23] ; i.e., the surfaces should be locally gapped everywhere away from the hinges, while the hinge LDOS should be finite and approximately constant at low energies, indicating massless dispersing modes localized to the hinges. In a terraced sample, one expects the two pairs of narrowly separated Majoranas that occur at a terrace edge to hybridize. A terrace edge could still host a massive localized mode below the surface gap, but a more detailed modeling would be required to answer this question fully. Finally, the experimental identification of s ± pairing remains controversial. While vortex bound MZMs are agnostic to whether the pairing is nodeless or s ± , the appearence of hinge states requires the latter. Therefore, the experimental observation of hinge Majoranas would also be a simultaneous demonstration of s ± pairing.
In addition to more realistic future numerical modeling of specific FeSCs to search for this physics, we also foresee some interesting generalizations of our theoretical construction. In our model, and in the 2D models of Refs. [34, 38, 39] , a first-order TI is proximitized by a nodal pairing function resulting in fully gapped but spatially anisotropic superconductivity; a sign change of the gap between different surfaces creates a domain wall that binds helical Majoranas. We conjecture that a secondorder 3D TI with s ± pairing could realize, under the right conditions, a third-order gapped TSC with cornerlocalized, 0D Majorana modes.
In this appendix, we discuss the topological characterization of helical hinge Majoranas in our model using the concept of Wannier bands. Consider a slab geometry wherex andŷ directions are periodic whileẑ direction is open, the corresponding slab Hamiltonian H (z) (k x , k y ) gives rise to a gapped (001) surface dispersion, as shown in Fig. 3 (b) in the main text. The Wannier center P (z)
x (k y ) at k y can be calculated by constructing the Wilson loop operator of all occupied BdG bands of H (z) (k x , k y ) along k x .
As shown in Fig. 5 (a) , the evolution of Wannier centers along k y forms a set of Wannier bands with interesting features: (i) Wannier bands from bulk states are gapped; (ii) Wannier bands from (001) surface states (for both top and bottom surfaces) are gapless. In particular, the "helical" surface Wannier band of P (z)
x (k y ) characterizes a Z 2 pump of BdG quasi-particles along y direction. Similar Z 2 pump physics has been observed in 2D TRI topological insulators/superconductors and accounts for their heliacl edge physics. Therefore, the helical surface Wannier band is the topological origin of the helical hinge Majorana that circulates the top/bottom surface.
On the other hand, we also plot the Wannier bands of P 
